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The paper is concerned with a theoretical explanation of the experimentally observed
effect of non-monotonic field dependence of the effective magnetic permeability of fer-
rofiuid emulsion. In a weak magnetic field, the growth of the induced droplet magnetic
moment is faster than the linear one due to the droplet elongation accompanied by the
reduction of the demagnetizing field. Thus, the emulsion magnetic permeability increases
in weak magnetic fields. Further strengthening of the external magnetic field cannot lead
to a significant decrease of the demagnetizing field, as the droplets are already highly
elongated. On the other hand, the magnetic susceptibility of the ferrofiuid reduces with
the field strength. Hence, the effective magnetic permeability of the ferrofluid emul-
sion starts decreasing. The developed theoretical model describes well the experimental
observations.
1. In t roduct ion. Ferrofluid emulsions are colloidal suspensions of micron-
sized droplets, filled with a ferrofluid, in an immiscible neutral fiquid. An applied
magnetic field induces a magnetic dipole moment in each droplet, therefore, the
ferrofluid becomes magnetized. So the induced droplet magnetic moment is de-
pendent on the droplet volume and on the magnetization behaviour of the bulk
ferrofluid. Recently, an unexpected experimental field dependence of magnetic
permeability has been reported in [1] for ferrofluid emulsions (see Fig. 2 here-
inafter, experimental dots), produced by dispersing a kerosene-based ferrofluid in
an immiscible aviation oil. The weak-fleld permeability demonstrates the rapid
growth, and the further field strengthening leads to a long-tail decrease of the
magnetic permeability. The effect could be observed only for ferrofluid emulsions
characterized by rather weak values of interfacial tension (^ ^ 10"~^N/m). The
maximum value of the effective emulsion permeability increases with the volume
concentration of the droplets. During the measurements, the droplet coalescence
was not experimentally observed in [1]. The suspension may be inverted to get
an "inversed" ferrofluid emulsion, representing a suspension of liquid droplets in a
carrier ferrofluid. The non-monotonic field dependence of magnetic permeability
was also observed for the inverted ferrofluid emulsion [1].
Here we suggest a theoretical explanation of this effect based on the following
physical idea. The weak-field growth of magnetic permeability is caused by the
droplet elongation and by the resulting reduction of the demagnetizing field. Due
to the latter, the induced droplet magnetic moments grow more rapidly with the
field strength than linearly. Thus, the eflFective emulsion magnetic permeability
increases. In stronger magnetic fields, the droplets are highly elongated and fur-
ther reduction of the demagnetizing field is not important. At the same time, the
ferrofluid magnetic susceptibifity decreases with the fleld. So the droplets become
less sensitive to further strengthening of the magnetic field, and the emulsion mag-
netic permeability decreased. To prove this explanation, we combine the known
theoretical results on the static magnetization behaviour of ferrofluids, the solu-
tion of magnetostatic problem for the magnetic field geometry inside and outside
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the droplet, and the minimization approach of the droplet energy to obtain the
degree of droplet elongation. Unlike the previously published theory [2] based on
the assumption of individual non-interacting droplets, we prove here the applica-
bility of the effective "mean-field" method account for the inter-droplet magnetic
infiuence proposed heuristically in [3].
2. Model of interacting droplets. The main approximations of our model
are the following. All ferrofluid droplets are considered to be of the equal volume
Vd- The shape of the stretched droplets is modeled by the elongated ellipsoid of
revolution; in this case, the internal magnetic field inside tbe droplet is uniform.
The magnetic permeability of the carrier liquid (oil) is considered to be equal to
unity. To describe the magnetic parameters of the ferrofiuid, we use the first-
order modified mean-field model [4], which has been proved as giving excellent
agreement with experiments and computer simulations both for moderately con-
centrated ferrofluids [5-7] and for ferrogels [8, 9]. In the framework of this model,
the ferrofluid magnetization M¿ is given by
r 47r 1
Md{H) = ML Lfi + —Mi^iH) , ML(Í Í ) = M^LimH/ksT). (1)
Here H is the magnetic field strength, L(x) and M\^{H) are, respectively, the
Langevin function and the Langevin magnetization; Mg has a meaning of the fer-
rofluid saturation magnetization, m stands for the ferroparticle magnetic moment,
and fcßT is the thermal energy. Simple fitting of the experimental data on the
magnetic permeability of the ferrofluid used in the emulsions under study [1] gives
the important effective parameters: the ferrofluid saturation magnetization [3]
Ms = 20.3 kA/m, and the ferrofluid initial magnetic susceptibility 47rxf = 5.4.
The emulsion magnetic permeability ¡i^ could be defined as [2]
Me = l+47r^Md(Fd)/Fo, (2)
where ip stands for the droplet volume fraction, and the droplet magnetization
Md is the function of the strength of the internal magnetic field H¿ inside the
droplet. This internal field is determined by the solution of the magnetostatic
problem, defining the magnetic field geometry inside and outside the magnetizing
droplet exposed to a uniform external static field HQ. Each droplet is magnetized
due to the action both of the external field HQ and of the collective magnetic
field produced by other droplets. Since this problem could not be solved for an
ensemble of randomly positioned elongated droplets, we use here the iteration
procedure. As the first step, we choose one droplet and solve the magnetostatic
problem completely neglecting other droplets. The solution gives the well-known
relation, connecting the first-step internal field H^ , the droplet magnetization
Md, the external field HQ, and the ellipsoid eccentricity e via tbe demagnetization
factor nz{e)
Ho = HJ,'^ + 4^n,(e)Md(F^'^ n,(e) = ^ ^ fin i ± | - 2eV (3)
Since the effect is pronounced mainly in the weak field region, the droplets are
quasi-spherical here, and they produce a magnetic field approximately of dipole
type. As the second step, we summarize the dipole-type magnetic fields produced
by all randomly positioned droplets in the region occupied by the first one. The
important point is that this collective magnetic field appears to be uniform [10]
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and is equal to 4:Tm^{e)ipMd{H¿'^). So, we add this collective field to the external
one and use solution (3) to obtain an internal field
Repeating the steps, we get the iteration relation
Ho
at the second step:
(4)
which is converging to the nonlinear equation for determining the internal magnetic
field H¿ at each given external field strength Ho, droplet concentration ip and
eccentricity e:
Ho = Hd+ 47m,(e)(l - v')Md(iid). (5)
In the weak field limit, when the linear magnetization law M^ = XÍHA holds
true, Eqs. (2), (5) could be easily solved, and we get the initial (zero-field) value
for the magnetic permeability .,
Me = 1 (6)
which is valid for suspensions of ellipsoidal or anisotropic particles, containing
point dipoles at the center. For the case of ferrofluid emulsions in the weak field
limit, all droplets are spherical, and the demagnetization factor is equal to 1/3.
So expression (6) turns out to the known Maxwell-Wagner formula
= 1 (7)
which does not contain any adjustable parameter instead of the known initial
magnetic susceptibility Xf of the ferrofiuid inside the droplets. This expression
demonstrates the nonlinear concentration dependence of the initial magnetic per-
meability of the emulsion. The comparison with the experimental data from [1] is
presented in Fig. 1. The very accurate quantitative agreement substantiates the
necessity of taking into account the inter-droplet interaction.
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Fig. 1. Concentration dependence of the initial magnetic permeability of the ferrofluid
emulsion. The experimental data [1] are indicated with boxes. The dotted Une describes
the linear concentration dependence predicted by the model of non-interacting droplets
[2]. The nonlinear behaviour obtained on the basis of the effectively interacting droplet
model Eq. (7) is given by the solid line.
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3. Free energy minimization. To determine the degree of droplet elonga-
tion at each given external field, we use the free energy minimization approach.
We assume the droplet free energy as a sum of surface energy and magnetic energy
Ho
2/3
(8)
where a is the interfacial tension; and the ellipsoid surface area S^ is expressed
in terms of the droplet volume V¿ and eccentricity e. Calculating the minimum
yields the following expression
dS'd(e)/de
(9)
It is worth noting that the shape of a ferrofluid droplet exposed to an ex-
ternal magnetic field could be also studied within a pressure approach, since the
driven force of the droplet elongation is the magnetic pressure. This method was
described in [11], and the obtained relation for the case of arbitrary magnetic field
is coincident with that of Eq. (9).
The final set of equations, at each given external field strength Ho determining
the internal field Hd, the droplet magnetization Mj, and the droplet eccentricity
e, includes Eqs. (1), (5) and (9). The ferrofluid emulsion magnetic permeability
is calculated based on Eq. (2). The obtained theoretical results are presented in
Fig. 2 for the ferrofluid emulsions with the droplet volume fractions if = 0.2 and
0.35. The droplet radius is put to 5 ßm and the interfacial tension is chosen to
be 5 X 10~^N/m. We get the accurate quantitative agreement for the weak field
growth, but the theoretical curves are shifted to the right in stronger fields. Several
reasons can be suggested for the explanation of these deviations. Among them is
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Fig. 2. Magnetic permeabihty fXe of the ferroñuid emulsion as a function of the external
field H strength. Experimental data [1]: D - if = 0.2, o - ¡^  = 0.35. Curves show the
theoretical results.
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an oversimplified approximation of the droplet shape with the elongated ellipsoid
of revolution, or the high elongation of the droplets may result in their breaks.
Also, the magnetic nanoparticles may diffuse from the droplets into the bulk car-
rier liquid due to the magnetophoresis induced by the fleld gradients in the local
vicinity of the droplets. This uncontrolled flux will lead to the decrease of the fer-
rofluid saturation magnetization, which we consider as fixed. All these effects may
slightly affect the decreasing behaviour of the emulsion magnetic permeability in
stronger magnetic flelds. However, the major contribution to this decrease is made
by the weakening of the magnetic response of the ferrofluid inside the droplets.
The presented model mainly accounts for this effect, and it gives a qualitatively
and quantitatively correct theoretical explanation of the experimentally observed
non-monotonie fleld behaviour of the magnetic permeability of ferrofluid emulsion.
4. Conclusions. ' '
• Ferrofluid emulsions are the interesting objects of magnetic soft matter,
containing structural units (ferrofluid droplets) of variable shape.
• The presented simple model describes correctly the non-monotonic field
dependence of the ferrofluid emulsion magnetic permeability.
• Weak field growth of the magnetic permeability is caused by the droplet
elongation and by the resulting reduction of the demagnetizing field.
• The strong field decrease of the magnetic permeability is explained by the
decay of the ferrofluid magnetic susceptibility under termination of further droplet
elongation.
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